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D . Abstract 

A variant of the Nielsen-Ninomiya no-go theorem is formulated. This theorem 

^ ' states that, under several assumptions, it is impossible to write down a doubler-free 

H \ 

\ Euclidean lattice action of a single Majorana fermion in Sk and 8A; + 1 dimensions. 
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§1. Introduction 



In Ref. 1), the authors (including the present author) examined compatibihty of the 
Majorana decomposition and the charge conjugation property of lattice Dirac operators 
by considering the Wilson-Dirac operator^) and the overlap-Dirac operator^) as examples. 
There, it was observed that the Majorana decomposition cannot be applied in Sk and 8A; + 1 
dimensions and, as a consequence, it is impossible to obtain a physically acceptable lattice 
formulation of the Majorana fermion in these dimensions. The authors then argued that 
this difficulty associated with the Majorana fermion is a manifestation of the global gauge 
anomaly in 8k dimensions. If this argument is correct, it will be extremely difficult to re- 
alize a physically acceptable lattice formulation of the Majorana fermion in these dimensions, 
because the difficulty has an intrinsic physical meaning. 

In the present paper, we formulate a variant of the Nielsen-Ninomiya no-go theorem^^'^^ 
which states, under several assumptions, the impossibility of a lattice Majorana fermion in Sk 
and 8A;-|-1 dimensions. Our result, which is independent of the particular choice of the lattice 
Dirac operator and reflects the characteristics of the Clifford algebra in these dimensions, 
provides further evidence that the difficulty associated to the Majorana fermion in these 
dimensions has a deeper origin. In addition, we believe that this theorem will be useful 
in formulating a method to avoid the difficulty, because our theorem precisely specifies the 
assumptions that lead to the difficulty. One of these assumptions must be removed in order 
to realize a lattice formulation of the Majorana fermion, just as one usually circumvents the 
Nielsen-Ninomiya theorem by removing the assumption on chiral symmetry. 



We consider a single free Majorana fermion defined on a Euchdean lattice of infinite 
extent. For this, we assume the following bi-linear form of the lattice action of the Majorana 
fermion: 



Here d is the dimensionality of the lattice, with d — 8k or d — 8k+l, and the field x(a;), which 
represents the Majorana degrees of freedom, is Grassmann odd. The matrix B represents 
the "charge conjugation matrix" satisfying the relations 
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B-^ = B\ B'^ = B*B = (_i)"("+i)/2^ 



(2-2) 
(2-3) 
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with n = [d/2]. (This is the matrix Bi of Ref. 1).) For even d = 2n, we also define the chiral 
matrix 7 by 

7 = »i""7o7i ■ ■ ■72n-i, {7,7m} = 0, 7'^ = 7, 7^ = 1, (2-4) 
B^B-^ = (-1)"7* = (-1)"7^. (2-5) 

We have assumed that the lattice Dirac operator D{x,y) possesses translational invariance; 
i.e, it depends only on the difference of positions, x — y. We also assume that the Dirac 
operator is local; the precise definition of this property is given below. To reproduce the 
Euclidean action of the Majorana fermion in the continuum theory in the classical continuum 
limit, it is necessary to assume 

D{z) = Y,lAS'i^) + 0{a). (2-6) 

See Ref. 1) for background discussion concerning the above construction, the so-called "Ma- 
jorana decomposition." 

Now, because the field x{^) is Grassmann odd, the Dirac operator in Eq. ()2-H) must be 
skew-symmetric, i.e., D{—z)^B^ = —BD{z), or*) 

D{-zf = -BD{z)B-\ (2-7) 

According to the Nielsen-Ninomiya theorem, the Dirac operator D cannot possess chiral 
invariance because otherwise species doubling occurs under physically reasonable assump- 
tions. Thus we have to assume {7, D} 7^ 0. As the possible nature of this breaking of the 
chiral symmetry, we postulate 

{7, D{~z)f = +i?{7, Diz)}B~\ (2-8) 

in addition to the fundamental requirement ()2-7|) . We refer to the property ()2-8p as "pseudo- 
chiral invariance." The postulation of this property is motivated by the fact that the 
Wilson-Dirac operator and the overlap-Dirac operator in 8k dimensions satisfy the rela- 
tion ()2-8|) . because these Dirac operators behave in accordance with the relation D{—zY' = 
+B-fD{z)jB-\ 

We immediately find, however, that if we require both the skewness fl2-7|) and the pseudo- 

chiral invariance ()2-8|) . the Dirac operator D must possess chiral invariance, i.e., {7, D} = 0. 

*^ In this paper, it is understood that the transpose operation acts only on the spinor indices. The 
transpose operation in Ref. 1), Z)-^, which acts also on position-space indices, corresponds to D(—z)'^ in the 
present notation. 
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In other words, for a Dirac operator D that possesses pseudo-chiral invariance, skewness can 
be enforced by "anti-symmetrizing" the operator as 

DA{z) = l[D{z)-B-'D{-zfB]. (2-9) 

Then we have -z)"^ = —BDa{z)B^^ and {7, Z)^} = 0. (The latter relation represents 

a special case of pseudo-chiral invariance.) For example, the anti-symmetrization of the 
Wilson-Dirac operator removes the Wilson term and makes it chiral invariant, as observed in 
Ref. 1). It can also be verified that, with the assumption of the pseudo-chiral invariance (j2-8|) . 
the lattice action ()2-l|) possesses the chiral invariance, i.e., 5Sm = for 6x = ^IX- Thus, 
recalling the Nielsen-Ninomiya theorem, we expect species doubling. The precise statement 
of the situation here is given by the following. 

Theorem 2.1 For the momentum representation of the free lattice Dirac operator 

b{p) = a'^^e^'P''D{z) (2-10) 

z 

in 8k dimensions, the following five properties are incompatible: 

1. Locality: D{p) is a smooth function of p^ with the period 2t{/ a. 

2. Correct dispersion: D{p) = i X]/^7mPm + O(ap^). 

3. No species doubling: D{p) is invertible for all p y^O. 
4- Skewness: D{—p)^ = —BD{p)B~^ . 

5. Pseudo-chiral invariance: {'-j,D{—p)}'^ = +B{'-j^D{p)}B~^. 

The proof of the theorem is made trivial by invoking the Nielsen-Ninomiya theorem. 
From properties 4 and 5, we have {7, D{p)} = 0. This chiral invariance is incompatible with 
the rest of the properties, 1, 2 and 3, according to the Nielsen-Ninomiya theorem. □ 

For odd dimensions, c? = 8A; + 1, if the Dirac operator D possesses the "parity invariance" 
defined by D{—z) = —D{z) or D{z) + D{—z) = 0, we immediately encounter species dou- 
bling, as seen below. Thus, we instead postulate the following "pseudo-parity invariance"; 

[D{z) + D{-z)f = +B[D{z) + D{-z)]B-\ (2-11) 

In 8fc -|- 1 dimensions, the Wilson-Dirac operator and the overlap-Dirac operator possess 
this property, because these Dirac operators satisfy D{z)'^ = +BD{z)B~^ . Requiring both 
the skewness fl2-7|) and the pseudo-parity invariance ()2-lH) . however, the parity invariance 
D{—z) = —D{z) results. In other words, for a Dirac operator D that possesses the pseudo- 
parity invariance (j2-ll|) . skewness can always be enforced by use of Eq. (j2-9|) . Then, the anti- 
symmetrized Dirac operator satisfies Da{—z) = —Da{z). These arguments are summarized 
as the following. 
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Theorem 2.2 For the momentum representation of the free lattice Dirac operator 

D{p) =a'^Yl e'"^'D{z), (2-12) 

z 

in 8k + 1 dimensions, the following four properties are incompatible: 

1. Locality: D{p) is a smooth function of p^ with the period 27r/a. 

2. No species doubling: D{p) is invertible for all p ^ 0. 

3. Skewness: D{-pf = -BD{p)B-\ 

4- Pseudo-parity invariance: [D{p) + D{—p)Y = +B[D{p) + D{—p)\B^^. 

We have D{—p) = —D{p) from properties 3 and 4. By substituting, say, Pd = (^r/a, 0, ■ ■ ■ ,0) 
into this relation, we find that D{pfj) = D{—p^ = —D{p^ = from the periodicity stated 
in property 1. This is in contradiction with property 2. □ 

§3. Discussion 

We must explain why a similar no-go theorem does not apply to dimensions other than 
d = 8k and d = 8k + 1. The Majorana decomposition in Euclidean field theory is possible 
only for dimensions d = 0, 1, 2, 3, 4 (mod 8) (See Ref. 1)). 

In 8A; + 2 dimensions, the skewness is expressed by D{—z)^ = -\-BD{z)B~^ , and, corre- 
sponding to the pseudo-chiral invariance (j2-8|) . we may postulate {7, D{-z)}^ = +^{7, D{z)}B-\ 
The Wilson and overlap Dirac operators possess this property due to the relation D{—z)'^ = 
+BD{z)B^^ . However, a combination of these two properties does not imply chiral invari- 
ance. In fact, it can be seen that these two properties imply the same relation. 

Similarly, in 8k + A dimensions, the skewness is expressed by D{—z)^ = 
-\-B'yD{z)'yB~^ , and the pseudo-chiral invariance is replaced by {7, D{—z)}^ = +57(7, D{z)}'yB^^ = 
+5(7, D{z)}B"^ . The Wilson and overlap Dirac operators in fact possess this property due 
to the relation D{—z)'^ = -\-B'~fD{z)'~fB^^. A combination of these two again does not imply 
chiral invariance, because, again, these two imply the same relation. 

For odd dimensions d = 8k + 3, the skewness is expressed by D{—z)^ = +BD{z)B~^. 
The pseudo-parity invariance ()2-ll|) is replaced by [D{z)+D{—z)]'^ = +B[D{z)+D{—z)]B^^ . 
The Wilson-Dirac operator possesses this property due to the relation D{—z)'^ = +BD{z)B~^ . 
The overlap-Dirac operator does not have such a simple property and cannot be utilized in 
these dimensions. These two properties are, however, the same and do not lead to parity 
invariance. 

All the above facts are refiections of the properties of gamma matrices in each dimension 
considered and are consistent with the fact that lattice Majorana decomposition can be 
realized in dimensions other than 8k and 8k + 1.^-* 
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In Ref. 1), it is argued that the difficulty involved in the Majorana decomposition in 8A; 
and 8k + 1 dimensions is a manifestation of the global gauge anomaly in 8k dimensions. 
For this argument, the equivalence of the Majorana fermion and the Weyl fermion in a real 
representation in 8k dimensions, which holds in Minkowski spacetime and in the unregular- 
ized Euclidean theory, is crucial. (A similar equivalence in 8A; + 4 dimensions holds even 
in Euclidean lattice gauge theory. In Euclidean theories, the following correspondence is 
suggested: 

x{x)=^{x)+B-'^{xf, (3-1) 

where ip{x) is the (left-handed) Weyl fermion: 

1 — 7 — 1+7 — 

= V'(x), ij{x)^— = i:{x). (3-2) 

If the expression (13-ip is substituted into the action (j2-ip and if the pseudo-chiral invari- 
ance (j2-8|) is assumed, the following action of the Weyl fermion is obtained 

Sm = a^^a'^^^(a;)D(x - y)^/j{y). (3-3) 

X y 

This is consistent with the conjectured equivalence of the Majorana fermion and the Weyl 
fermion in 8k dimensions. As we have observed, however, the above action suffers from 
species doubling (because we have assumed pseudo-chiral invariance), and it cannot be uti- 
lized in this form. 

On the basis of this conjectured equivalence of Majorana and Weyl fermions in 8k di- 
mensions, it might be thought possible to define a theory of the Majorana fermion in 8k di- 
mensions by using the lattice Weyl fermion through Eq. p-lj) . (For a review of recent de- 
velopments regarding lattice Weyl fermions with an extensive list of references, see Ref. 9).) 
In this approach, the partition function of the Majorana fermion is given by the partition 
function of the Weyl fermion and the correlation functions of the Majorana fermion are de- 
fined through Eq. ()3-H) from the correlation functions of the Weyl fermion. The two-point 
function of the Weyl fermion is given by 

{^ixmy))=P.^P+ix,y), (34) 

where P_ = (1 — 7)/2 and 7 = 7(1 — aD). The Dirac operator D is assumed to satisfy the 
Ginsparg- Wilson relation •jD + D7 = aD'jD}'^^ By using Eq. (|3-1|) . we obtain 

{X{x)x{yr) = ^{x, y) - ^B-'a-%,y, (3-5) 
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after some manipulation, or, taking the anti-symmetric part of the right-hand side, we have 

{x{x)x{yf) = ^jj2^x,y). (3-6) 

If the overlap-Dirac operator is utihzed as the Dirac operator D, the propagator ()3-6p acquires 
doubler's poles, as we have observed. Thus, this natural approach based on the lattice Weyl 
fermion in the presently considered form does not remove the difficulty. 

We hope that our no-go theorem will be useful for investigating a possible resolution of 
the difficulty concerning lattice Majorana fermions in and Sk + 1 dimensions. It seems 
rather non-trivial to avoid this difficulty involving lattice Majorana fermions, due to its 
possible connection to the global gauge anomaly. We should always keep in mind, however, 
that "No-go theorems, however, are frequently circumvented in an unexpected way."^^^ 
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Appendix 

In this appendix, we present a concise proof of the Nielsen-Ninomiya theorem for the 
reader's convenience. This is a short-cut version of the proof presented in Ref. 7). The 
theorem is as follows. 

Theorem A.l For the momentum representation of the free lattice Dirac operator 

b{p) = a'^^e-'^''D{z) (A-1) 

2 

in even d dimensions, the following four properties are incompatible: 

1. Locality: D{p) is a smooth function of p^ with the period 2TT/a. 

2. Correct dispersion: D{p) = i 'Yl, iil tJ-V iJ. + 0{ap^). 

3. No species doubling: D{p) is invertible for all p ^ 0. 
4- Chiral invariance: {7,D(p)} = 0. 

*^ For this purpose, it would be useful to note the fact that, in 8fc and S/c + 1 dimensions, there exists a 
representation of the Clifford algebra such that all the gamma matrices are real symmetric and B = 1. 
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From the momentum representation of the Dirac operator, we define the current 

^■^^^^ = - 2f2l[i2'^r(!/) ^^"-''- ^^HD{p)d.Mp)-'] ■ ■ ■ [D{p)d^,_Mp)-']}. (a-2) 

where d^, denotes the derivative with respect to the momentum: dp = d/{dpp). This cur- 
rent j^{p) is well-defined for all p 7^ 0, from properties 1 and 3. For p 7^ 0, it can further be 
verified that the current is conserved, i.e., d^j^ip) = 0, by using property 4. Therefore, the 
surface integral in the Brillouin zone 

(A-3) 



s 



is independent of the surface S, as long as S surrounds the origin, p = 0. This integral can 
therefore be evaluated over an infinitesimally small sphere around the origin by using the 
asymptotic form given in property 2. We then obtain 7 = 1. On the other hand, if we take 
the boundary of the Brillouin zone as the surface S, we have 1 = from the periodicity in 
property 1. This is a contradiction. □ 
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